(Vorgelegt in der Sitzung der math.-nat. Klasse am 13. Oktober 2005 durch das w. M. Ludwig Reich)
is called a Jordan block of length n associated with the eigenvalue . Note that J n ðÞ is regular, if 6 ¼ 0, and nilpotent, if ¼ 0. For short we write J n for J n ð0Þ: J n :¼ J n ð0Þ.
We say that two nÂn-matrices A and B are similar (A $ B) if there is some regular matrix T such that T À1 AT ¼ B. Obviously similarity of matrices is an equivalence relation. The equivalence classes are called similarity classes.
If is called a block diagonal matrix.
Remark 1. For any nÂn-matrix A there are complex numbers 1 ; 2 ; . . . ; k and positive integers n 1 ; n 2 ; . . . ; n k such that A is similar to the block diagonal matrix (the Jordan normal form of A)
Moreover, the normal forms J and 
If the normal form of R contains more than one block, by the above procedure one may construct m-th roots for all of them (all blocks have to be regular). The block diagonal matrix built from those roots is an m-th root of the normal form similar to R. Now suppose that W is an m-th root of A. Let us write W in the form of a block matrix
with square matrices U 1 , U 2 of dimensions equal to the dimension of R and N, respectively. Since W m ¼ A the matrix W commutes with
which, by the regularity of R implies
Repeated use of the equation above then leads to Using this we also are able to determine the Jordan normal form of J m for arbitrary J :
|fflfflfflfflfflfflfflfflfflffl ffl{zfflfflfflfflfflfflfflfflfflffl ffl} r 1 -times where 1 ; 2 ; . . . ; n ! 0 and P n i¼1 i i ¼ n.
1. Then N has an m-th root, if, and only if, there is some s ! 1 and there are some
where
If N has an m-th root then the number P i of blocks in its normal form has to be a multiple of m.
(Compare [1, 3] .)
This theorem, in principle, is all one needs to determine all nilpotent rootless matrices of a given order n. But because of its general and combinatorial nature which makes heavy use of solutions of systems of diophantine equations it seems to be no adequate tool for determining all possible ranks of rootless nilpotent nÂn-matrices. 
we get by the preceding theorem that J m is similar to a Jordan normal form which, for each l, contains r l blocks J k l þ1 and m À r l blocks J k l . But J m is similar to B m ¼ N . Thus N also contains those blocks.
Note that N contains exactly one block J þ1 and exactly n À À 1 blocks J 1 (and no others). Since N contains one block J þ1 , there must be some l such that þ 1 ¼ k l or þ 1 ¼ k l þ 1. The latter possibility cannot appear. In this case N would also contain at least m À r l blocks J k l ¼ J . Since m À r l >0, there would be at least one block of that kind. But 1<< þ 1, so this is impossible. Accordingly þ 1 ¼ k l . Moreover N contains no block J þ2 . Thus r l ¼ 0. Since J þ1 appears only once as a block in N we conclude that m ¼ m À r l 1. On the other hand m À r l >0. Thus m ¼ m À r l ¼ 1. This means that N has no nontrivial root. &
